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Topological Properties of C(X,Y) 
by 
Chris A. Schwendiman, Master of Science 
Utah State University, 1978 
Major Professor: Dr. E. Robert Heal 
Department: Mathematics 
The purpose of this paper is to examine the important topological 
properties of the function spaces BC(X,Y) and C(X,Y). Emphasis is given 
to the relationship between the metrizability of X and the separability 
of these function spaces. The paper is divided into three major parts: 
the preliminary definitions and theorems; the relationship between the 
topological properties of X and BC (X ,Y), for compact X; and the extension 
of the results of Part II for X not compact and for the case when we have 
C (X, Y). 
(26 pages) 
INTRODUCTION 
Topological ideas and methods are firmly established in many disci-
plines of pure mathematics other than topology. They have transformed 
analysis almost beyond recognition and even stimulated the growth of 
abstract algebra. For these reasons the study of topology is almost 
essential to the modern mathematician. It is in this spirit that we 
become interested in knowing more about the properties of topolo gi cal 
spaces. Thus, the study of the function spaces C (X, Y) and their topol-
ogical properties is only natural. 
In Part I of this paper, we present the basic definitions for those 
terms with which we will be working. We also introduce the definitions 
of the function spaces C(X,Y) and BC(X,Y), and examine many of their 
topological properties. 
In Part II, we further examine topological properties of BC(X,Y). In 
particular, we look at the important relationship between metrizability of 
X and the separability of BC(X,Y) in the case where Xis a ~ompact topo-
logical space. 
Part III, in which our major results are contained, continues with 
our study of the topological properties of BC(X,Y) without the stipulation 
that X be compact. In addition we extend our results to C(X,Y). 
PRELIMINARIES 
Definition 1.1. A metric on a set Y is a function d: YxY +IR.such 
that the following properties hold: 
(1) d (x, y) > 0 for all x, y E. Y. 
(2) d(x,y) = 0 if and only if x = y. 
(3) d (x, y) = d (y, x) for all x, y €:. Y. 
( 4) d (x, z) ~ d(x,y) + d (y' z) for all x, y, z (:_ y. 
Given a metric don Y, define Bd(x, E) = {yl d(x,y) < E} . It is 
ca lled the E-ball centered at x. 
Definition 1.2. If dis a metric on the set Y, then the collection 
of all E-balls, Bd(x, E), for x f Y and E > 0, is a basis for a topology 
on Y, called the metric topology induced by d. The set Y together with 
the metric topology is called a metric space and is denoted by (Y ,d). 
Definition 1. 3. If Y is a topological space, we say that Y is 
metrizable if there exists a metric don the set Y which induces the 
topology of Y. 
Definition 1.4. In a metric space (Y,d) the diameter of a subset A 
is defined by 
d(A) = sup{d(x,y) I x,y 1; A}. 
A bounded set is one whose diameter is finite; and a funci ton of a non-
empty set into a metric space is called a bounde d function if its range 
is a bounded set. 
Definiti on 1.5. Let X be any t opological space and (Y,d) any metric 
space. Let C(X,Y) denote the set of al l continuous functions from X to 
Y and let BC(X,Y) = {f <::.C(X,Y) If is a bounded function}. 
2 
Note that BC (X, Y) depends on the metric d since this determines which 
functions in C(X,Y) are bounded. Also, we see that if Xis compact then 
C(X,Y) and BC(X,Y) are identical. 
Definition 1. 6. For all f, g l BC (X, Y) define 
pd(f,g) = sup {d(f(x), g(x))}. 
XtX 
Proposition 1. 7. The function pd is a metric on BC(X,Y). 
This is easily verified from Definition 1.1. Note that the topology 
induced by pd is dependent on the choice of the metric on Y. 
Theorem 1.8. Let f£BC(X,Y) and {fn} a sequence in (BC(X,Y), pd). 
Then {f } converges to f in (BC (X, Y), ) if and only if {f } converges n Pd n 
uniformly to f on X. 
Proof. If { f } converges to f --- n in (BC (X, Y), pd) then given E: > 0 
there exists an integer N such that f {B (f, E:) for all n > N. Thus, n pd 
sup { d (f (x), f . (x))} < s and hence d (f (x) , f (x)) < s for all n > N and 
ifX n n 
all X€X, Therefore, {f} converges to f uniformly on X. 
n 
If {f} converges to f uniformly on X then givens> 0 there exists n 
an integer N such that d(f(x), f (x)) < s/2 for all n > N and all XfcX. 
n 
Hence, 
sup {d(f(x), fn(x))} .::_ s/2 < s 
X 1: X 
for all n > N and so f l B (f, s) for all n > N. 
n Pd 




Definition 1.9. Let C be a subset of a topological space X. Then 
C is said to be compact if and only if every open convering of C contains 
a finite subcollection which also covers C. 
Definition 1.10. Let S(C,U) = {g jg c.C(X,Y) and g(C) C. U} where C 
is a compact subset of X and U an open subset of Y. Then the sets S(C,U) 
form a subbasis and finite intersections of the sets S(C,U) form a basis 
for the compact open topology on C(X,Y). We similarly define the compact 
open topology on BC(X,Y). 
Theorem 1.11. Suppose Xis compact. Then the metric topology on 
BC(X,Y) induced by pd and the compact open topology are equivalent. 
Proof. First we prove that the topology induced by pd is finer than 
the compact open topology. Let S(C,U) be a subbasis element for the com-
pact open topology and let f be an element of S(C,U). Since f is con-
tinuous, f(C) is a compact subset of U. Now U is open in Y so for each 
4 
y t: f (C) there is an E: -ball, Bd (y, E: ) about y, lying in U. The collection y y 
of balls Bd(y,E:y/2) clearly forms an open cover of f(C) and so a finite 
number, say Bd(y1 , l/2E:y ), Bd(y2, l/2E:y ), ... , Bd(yn, l/2e:y ), cover 
1 2 n 
f (C). Let E: =min {1/2E: , l/2E: ... , l/2E: }. We now prove that 
yl Y2 yn 
B (f,E:)C.. S(C,U). Given xE.C, there is some i such that 
pd 
f (x) l Bd (y i, l/2E:Y i) and for each y E. Bd (f (x), E:) 
d(y,yi) .::_ d(y, f(x)) + d(f(x), yi) 
hence Bd(f(x), E:)C Bd(y., E: )CU. 
i Yi 
Let gt.BP (f,E:). Then 
d 
sup {d(f(x), g(x))} < E: 
X f. X 
5 
and so in particular d(f(x), g(x)) < E for all x ~ C. Hence, 
g(x) c Bd(f(x),E )c.. U for all x t C and so we have that g(C)C U. There-
fore, g E: S(C,U) and it follows that B (f,E)CS(C,U). 
pd 
Now we prove that the compact open topology is finer than the topol-
ogy induced by pd. Given an open set O in the topology induced by pd 
we have that for f e. 0 there exists a basis element B (f,E) lying in O. 
pd 
We will now find a basis element for the compact open topology containing 
f and lying in B (f,E). 
pd 
Since f is continuous for each point x ~ X there exists an open 
neighborhood V such that f(V) lies in the E/3 -ball centered at f(x). 
X X 
Then f(V) lies in the E/ 2 - ball centered at f(x) which we will denote 
X 
by U. Because Xis compact we can cover X by finitely many such sets V, 
X X 
Then V is compact for i = 1, 2, ... , n and 
x. 
l 




s cv , u ) 
X. X. 
l l 
clearly contains f and lies in B (f,E). 
pd 
Definition 1.12. A topological space Xis called a Hausdorff space 
if for each pair x,y of distinct points of X, there exist disjoint open 
sets U and U such that x t. U and y t U . 
X y X y 
Definition 1.13. Let (Y,d) be a metric space. Let j-be a subset of 
the function space C (X, Y). If x t X, the set J, of functions is said to be 
equicontinuous at x if given E > 0, there is an open set U containing x 
such that for all y f. U and all f e ~ , 
d(f(X), f(y)) < €• 
If the set ~ is equicontinuous at x for each x t. X, it is said simply 
to be equicontinuous. 
The following important theorem characterizes the compact subsets 
of C (X, Y) : 
Theorem 1.14. (General version of Ascoli's Theorem). Let X be 
locally compact Hausdorff; let (Y,d) be a metric space. Consider C(X,Y) 
in the compact open topology. A subset jt of C (X, Y) has compact closure 
if and only if it is equicontinuous and the subset 
j< = { f cxJ I f t;. j,} 
X 
of Y has compact closure for each x. 
Proof. See [l, p. 290]. 
Corollary 1.15. (Classical version of Ascoli's Theorem). If X 
is a compact metric space, then a closed subset of C (X, rR,) is compact if 
and only if it is bounded and equicontinuous. 
Definition 1.16. Let f:X + Y be an injective continuous map, where 
X and Y are topological spaces. Let Z be the image set f(X), considered 
as a subspace of Y; then the function f~ :X + Z obtained by restricting 
the range off is bijective. If f~ happens to be a homeomorphism of X 
with Z, we say that the map f: X + Y is an embedding of X in Y. Further-
more, if X and Y are both metric spaces with metrics dX and dy, respec-
tively, and dy(f(x 1), f(x 2)) = ¾Cx1 , x2) for every pair of points x1, 
x2 of X, then f is called an isometric embedding of X in Y. 
Proposition 1.17. Let (X, ¾) and (Y,dy) be metric spaces and let 









every pair of points x1,x 2 of X. Then f is an isometric embedding of 
X in Y. 









Theorem 1.18. (Y,d) can be isometrically embedded in (BC(X,Y),Pd). 
Proof. We must exhibit a continuous mapping T :Y -+ BC (X, Y) such that 
d (y, z) = pd (T (y) , T ( z) ) 
for ally, z<:.Y. Let T(y) = c where c t. Bc(X,Y) and c (x) = y for all 
y y y 
x t. X. Then 
d (y, z) = d (c (x), c (x)) = sup { d (c (x), c (x))} 
y z Xe.X y z 
Definition 1.19 . Let (Y,d) be a metric space. A sequence {x} of 
n 
points in Y is said to be a Cauchy sequence in (Y,d) if given E > 0, 
there is an integer N such that d(x ,x) < E whenever n,m > N. If every 
n m 
Cauchy sequence in Y converges then (Y,d) is said to be a complete metric 
space. 
Theorem 1.20. (BC(X,Y),pd) is a complete metric space if and only 
if (Y,d) is a complete metric space . 
Proof. If (BC(X,Y),pd) is a complete metric space and {yn} a 
Cauchy sequence in (Y,d) then consider the sequence {f} of constant 
n 
functions in BC (X, Y) where f (x) = y for all x e. X. Given E > 0 there 
n n 
exists an integer N such that d(y ,y) < E for all n,m > N and hence it 
n m -
follows that 
sup {d(f (x), f (x))} < E 
x l X n m 
for all n,m 2:._ N. So {f} is a Cauchy sequence in BC(X,Y) and so it n 
converges to some f c BC (X, Y). By Theorem 1.8, {f} converges to f uni-
n 
formly on X and so f is a constant function, say f(x) = y for all x E:. X. 
7 
Therefore, {y} converges toy in Y and hence (Y,d) is a complete n 
metric space. 
If (Y,d) is a complete metric space and {f} a Cauchy sequence in 
n 
(BC(X,Y),pd) then given E > 0 there exists an integer N such that 
sup {d(f (x), f (x))} < E 
n m 
X c. X 
for all n,m > N and so d(f (x), f (x)) < E for all n,m ~ N and all x t.X. n m 
So for each x t:. X, { f (x)} is a Cauchy sequence in Y and hence converges n 
to an element of Y which we will denote by f(x). We will no w show that 
f E. BC (X, Y) and that {f } converges to f in BC (X, Y). 
n 
8 
Given E > 0, there exists an integer M such that d(f (x),f (x)) < E/2 
n m 
for all n,m >Mand all xfX. From this it follows that d(f(x), fm(x)) 2-
E/ 2 < E for all m > M and all x t. X. Hence, {f} converges to f uniformly 
n 
on X. Thus, by Theorem 1.8, {f} converges to fin BC(X,Y), provided 
n 
fcBC(X,Y). Also, as a result of this last inequality, there exists an 
integer N such that d (f (x), fN (x)) 2- 1 for all x t:. X and since fN is 
bounded there exists y f. Y and k t iK. such that d (fN (x) ,y) 2- k for all x e X. 
Thus, 
d(f(x),y) 2- d(f(x), fN(x)) + d(fN(x),y) 
< 1 + k 
and so f is bounded. 
Let Bd(y,E) be an E-ball in Y. To see that f is continuous we will 
-1 
show that for each x l f (Bd (y, E)) there is an open neighborhood Ux 
containing x such that f(Ux)C. Bd(y,E). 
-1 
Let xt.f (Bd(y , E)) and let o = E - d(y,f(x)). Since {f} converges 
n 
to f uniformly on X there exists an integer M such that fM (x) 6:. Bd (y, E ) 
and 
< o/3 for all x-' ~ X. 
Let U = {x ... 
d(fM(x ... ), f(x ... )) 
lct(fM(x ... ), fM(x)) < o/31. Then x 6 U and U is open in X X X 
X since fM is continuous. Now if x ... l UX we have 
d(y,f(x ... )) 2- d(y,f(x)) + d(f(x), fM(x)) + d(fM(x), fM(x ... )) 
+ d(fM(x ... ), f(x ... )) 
< (s-o) + o/3 + o/3 ~ o/3 = s 
and so f(x ... )cBd(y,s), and f(Ux)C Bd(y,s). Therefore, ft.BC(X,Y). 
Definition 1.21. A topological space Y is said to be second 
countable if Y has a countable basis for its topology. 
Defintion 1.22. A subset A of a space Y is said to be dense in Y 
if A= Y. A topological space having a countable dense subset is said to 
be separable. 
Proposition 1.23. If Y has a countable basis then Y is separable. 
Proof. Let {B} be a countable basis for Y. From each nonempty n 
basis element B, choose a point x. The set {x} is dense in Y since n n n 
for each x e. Y, every basis element about x contains a point of the set 
{x }. 
n 
Theorem 1.24. Let (Y,d) be a metric space. Then Y is separable if 
and only if Y has a countable basis. 
Proof. Proposition 1.23 gives us one direction. 
Suppose Y is separable. Let C = {x} be a countable dense 
n 
subset of Y. The collection of balls {Bd(xn' 1/M)I xnE.C and M!::Z+} 
is countable and forms a basis for the topology on Y. To show this, 
consider the s-ball Bd(x,s). Let M be large enough so that 1/M < s/2 
9 
and choose xn 1::.. C such that xn t. B d (x, 1/M). Then x 6. B d (xn, 1/M) C. B d (x, d 
and the desired result follows. 
Corollary 1.25. BC(X,Y) is separable if and only if it is second 
countable. 
Definition 1.26. A space Xis completely regular if one-point sets 
are closed in X and if for each point x
0 
and each closed set A not con-
taining x0 , there is a continuous function f:X + [0,1] such that f(x 0
)=1 
and f(x) = 0 for each x EA. 
Definition 1.27. A space Xis said to be normal if one-point sets 
are closed in X and if for each pair A,B of disjoint closed subsets of 
X, there exist disjoint open sets containing A and B, respectively. 
10 
PROPERTIES OF C(X,Y) WHEN XIS COMPACT 
In this section we will turn our attention to the relationship 
between the metrizabili ty of X and the separability of BC (X, Y). We 
will limit ourselves to the case when X is compact and hence our results 
will also apply to C(X,Y). 
Theorem 2.1. Let (Y,d) be a second countable metric space. If X 
is a compact metric space then BC (X, Y) is second countable. 
11 
Proof. Since X is a compact metric space it is also second countable 
and has a countable basis (1, p. 194]. Let G be the collection of all n 
finite open coverings of X which consist of elements in the countable 
basis of diameter less than or equal to 1/n. Let H be the colle c tion of n 
all finite subcollections of elements in the countable basis for Y which 
are of diameter less than or equal to 1/n. 
countable. 
Then both G and H are 
n n 
The collection of pairs (G,H) where GE: G and HE. 1-l is countable. 
n m 
Now consider the finite number of functions from G to H. If ¢:G ~His 
one of these functions, then choose ft BC (X, Y), if one exists, so that 
for each o E. G, f(o) C <I>(o). 
In this way we obtain a countable subset J of BC (X, Y). We will now 
show that 0' is dense in BC (X, Y) . Let g t BC (X, Y). Then given E > 0, we 
need to show that there exis t s an f E:.. y such that pd (f, g) < E:. Since X 
is compact then g (X) is a compact subset of Y. Hence, g (X) can be covered 
by a finite number of basis elements B1 , B2
, .. . , Bn each of diameter less 
than or equal to 1/M where M i s chosen such that 1/M < E:. Then the 
collection B1 , B2 , ... , Bn is an element of I¾· Again, since Xis 
compact, there exists a Lebesgue number o > 0 such that every basis 
element of X of diameter less than o lies 
any G ~ GN where N is an integer such that 
in g-
1
(B.) for some i. Choose 
1 
1/N < o. Then for each O. t:: G, 
1 
g (0.) C B. for some j, and so by the way we constructed J there exists 
1 J 
some f tS which maps each 0. t. G in the same way. Now for each Xe: X, 
1 
f(x) and g(x) are elements of the same B. c.. Y for some j. Thus, 
J 
d(f(x), g(x )) < 1/M and so 
Pd(f,g) = sup {d(f(x) , g(x))} ~ 1/M < E. 
X t. X 
12 
Therefore, ~ is a countable dense subset of BC (X, Y) and so it follows 
that BC(X,Y) is second countable. 
Theorem 2. 2. Let X be a completely regular topological space and 
Ya second countable metric space containing a nontrivial path. If 
BC(X,Y) is second countable then Xis metrizable. 









]. Let {U. } be the 
1 
collection of all elements in the countable basis which contain y
1
, and 
let {h.} be a countable dense subset of BC(X,Y). We will now show that 
J 
the collection (n= {h-~ (U.) I i,j = 1,2,3 ... } is a basis for X. 
J 1 
Clearly, if B t. 8 then B is open in X so we need only show that if 
V is open in X then for each p f V there exists a BE. S such that p t. B c V. 
Let pt V. Then since X is completely regular there exists a contin.,.· 
uous function f:X -+ [0,1] such that f(p) = 0 and f(x) = 1 for all x I:. X-V. 
Let g:(0,1]-+ (y 1 ,y 2] be a continuous function such that g(O) = y 1 
and 
g(l) = y 2 . Then h:X-+ [y 1 ,y 2] defined by h =go f is a continuous func-
tion such that h(p) = y 1 and h(x) = y 2 
for all xl:. X-V. Now consider 
13 
the E:-ball Bd(y 1 ,E:) in Y where E: is chosen small enough so that 
Um L {Ui} such that Bd(y 1 ,o) c. Um c.. Bd(y 1 ,E:/2) for some o > O. Let 
-1 ) 0 h l {h.} such that pd(h,h ) < o and let B = h (U . Note that B t.t[). n 1 n n m 
For each xc:B we have hn(x)E-.Bd(y 1 ,E:/2); and since pd(h'hn) < o ..:::_ E:/2 
then 
d(y 1 ,h(x)) ..:::_ d(y 1 ,hn(x)) + d(hn(x),h(x)) < E:/2 + E:/2 = -E:; 
-1 
Hence, h(x) t:.Bd(y 1 ,E:) and so xth (Biy 1
,E:))c:. V. Therefore, Bev. 
Now since h(p) = y 1 and d(h(p), hn(p)) < o then hn(p)t,Um and so peB. 
Thus, we have the desired result. 
So~ is a basis for X and since it is countable it follows from 
the Urysohn metrization theorem [l, p.217] that Xis metrizable. 
PROPERTIES OF C (X, Y) WHEN X MAY NOT BE COMPACT 
In this section we will extend our results to BC (X, Y) when X is 
not specifically taken to be compact, and then to the more general case 
V 
of C(X,Y). To do this we will look at the Stone-Cech compactification 
of X and use the results of the previous section on this compact space 
rather than by working with X itself. 
Definition 3.1. Let X be a completely regular space and If= 
[inf f(X), sup f(X)] for all fc.BC(X,IR). Then it follows (2, p.170] 
that X is homeomorphic with a set E c IT If 
f 6 BC (X, fR) 
Let F = E. Since IT If is a compact space, the set Fis a compact 
f t. BC (X, (\() 
space, and, identifying X with E, we have X a dense open subset of F. 
V 
The space Fis called the Stone-Cech compactification of X and is de-
noted by B(X). 
Theorem 3.2. If B(X) ~ X, then B(X) is not metrizable. 
Proof. If Xis not normal then B(X) is clearly not metrizable. 
Thus, we will assume Xis normal. Let y t:B(X) - X. If B(X) were met-
rizable, then since B(X) = X there would exist a sequence in X which 
converged to y. We wi 11 show that no such sequence exists. 
14 
Now X can be embedded in TI If , where If= [inf f(X), sup f(X)], 
ft. BC (X, fR) 
with the embedding given by x-+ {f(x)}f c:BC(X, iK)' If nf represents the 
projection map onto If then a sequence {xn} in B(X) converges if and only 
if {,r f (xn) } converges in If for each f f.. BC (X, ~) . 
Let {x} be any sequence of distinct points in X. n 
limit point in X then it clearly cannot converge toy. 
If {x } has a 
n 
So suppose {x } 
n 
has no limit point in X. Let A= {x. }._ 2k 1 and B = {x.}. 2k for 1 1- - 1 1= 
k = 1, 2, 3, ... Then A and Bare nonempty disjoint closed sets in 
X. Hence, there exists g f._ BC CX,{IV such that gCA) = 0 and gCB) = 1. 
Note that {rr (x )} does not converge in I and hence {x} does not con-
g n g n 
verge toy. Therefore, SCX) is not a metric space. 
15 
Theorem 3.3. Let X be a completely regular space and (Y,d) a second 
countable metric space containing a · nontrivial path. Then BC CX, Y) is 
second countable if and only if Xis compact and metrizable. 
Proof. If X is compact and metrizable then BC CX, Y) is second 
countable by Theorem 2.1. 
Conversely, if BCCX,Y) is ' second countable then we will show that 
BCCSCX),Y) is second countable and so,by Theorem 2.2,SCX) is metrizable. 
Thus, by Theorem 3.2, SCX) = X and so Xis compact and metrizable. 
Let pl Cf,g) = sup {d(f(x),g(x))} for all f,gc.BC(S(X),Y) and 
Xe S (X) 
p2 (f,g) = sup {d(fCx),g(x))} for all f,gf.BC(X,Y) be the metrics on 
x E. X 
BC CS (X), Y) and BC (X, Y), respectively. If f, gt:. BC CS CX), Y) then since 
X C. S(X) we have that f,g E:.BCCX,Y) and clearly pl (f,g) = o
2
(f,g). There-
fore, the inclusion map i: BCCSCX),Y) + BC(X,Y) is an isometric em-
bedding of BCCS(X),Y) into BC(X,Y). Therefore, BCCSCX),Y) is separable 
since BCCX,Y) is. 
Example 3.4. This example shows that having a nontrivial path in 
Theorem 3.3 cannot be dropped. Let X = S(IR) and Ya one point space. 
Then BC(X,Y) is countable since it contains only one element. Thus, 
it follows that BC(X,Y) is second countable, however, Xis not met-
rizable since B ( ri() / fR. 
Definition 3.5. A topological space Xis hemicompact if the 
following properties are true: 
co 
(1) X = U Ki where Ki c Ki-l'l for all i and Ki is compact 
i=l 
for all i. 
(2) If Kc Xis compact, then there exists an integer N > 0 
such that K c.. KN· 
Example 3.6. Here is an example of a space which shows that prop-
erty (1) does not necessarily imply property (2) in the definition of 
hemicompact. Let M be the subset of the plane defined by n 
M = {(r,e)I O ::_ r ::_ 1, e = 1/m for rn = 1,2, ... ,n} n 
00 
for n = 1,2,3 ... Let X = u M with the topology it inherits from n n=l 
16 
the euclidean plane. Note that X satisfies property (1) of the definiton 
of hernicompact. 
00 
Suppose now that we write X = u K where the K 's satisfy prop-n n n=l 
erty (1). Since X is not compact no K can be the whole space. Con-n 
sider the set 
n = 1,2,3 ... 
A = {(r,8) I r = 1/n, 8 = 1/rn for rn = 1,2,3 ... } for n 
Each A is infinite and has no limit point and so n 
cannot possibly be contained in K . Hence, for each n there exists a 
n 
pointx f.A suchthatx iK. Let A= {x In= 1,2, ... }U(O,O). n n n n n 
Then A is a compact subset of X but it is not contained in any Kn· 
Hence, property (2) is not satisfied and so Xis not hemicompact. 
Theorem 3. 7. Let X be a hemicompact space and (Y,d>) a metric 
space. Then C(X,Y) with the compact open topology is metrizable. 
Proof. Define d(x,y) = inf {l, d>(x,y)}. Then dis also a 
00 
metric on Y such that d (x,y) < 1 for ai 1 x,y t:. Y. Let X = U Mn 
n=l 
where the M's satisfy the properties listed under the definiton of n 
hemicompact. 
for each n. 
Then C (M , Y) is metrizable with metric 
n 





p (f, g) = z 
n=l 2n 
for all f,g £:.C(X,Y) and where pn(f,g) means p (flM, glM ). Note that 
n n n 
since p (f,g) < 1 for all n, p(f,g) is well defined. It is easy to n -
check from the definition that pis a metric on C(X,Y)Jand we will show 
that the topology induced by pis equivalent to the compact open topol-
ogy. 
First we show that the topology induced by pis finer than the 
compact open topology. Let S(C,U) be a subbasis element for the compact 
open topology and let f be an element of S(C,U). Using an argument 
similar to that given in the proof of Theorem 1.11 we obtain a finite 
in U which cover f(C) and such that Bd(y.,E )CU for 1 < i < n. Choose 
i Yi 
an integer N such that cc~ and let E 
will now show that B (f,E)C S(C,U). 
p 
'• • • , E } • We 
yn 
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Given xt:Cthere is some i such that f(x)E Bd(y.,l/2c ) and for 
i Yi 
each y t:. Bd (f (x), 2NE:) we have 
d(y,y.) < d(y,f(x)) + d(f(x),y.) < 2NE: + l/2E: 
i l Yi 
N 
Therefore, Bd(f(x),2 E:)C. Bd(y. ,E: )c U. 
l Yi 
Let g <: B (f, E:). Then 
p 
,Z Pn (f, g) 
n=l 2n 
< E: 
N and so pN(f,g) < 2 E: from which we obtain 
Hence, d(f(x),g(x)) < 2NE: for all xE:.MN. 
N sup {d(f(x),g(x))} < 2 E:. 
XE.~ 
N 
Therefore, g(x) E_Bd(f(x),2 c)C. U for all xE.MN and so g(C)c.. U. It 
now follows that g t.S(C,U) and hence B (f,c)c... S(C,U). 
p 
Now we prove that the compact open topology is finer than the 
topology induced by p. Given B (f,c), a basis element in the metric 
p 
topology, we need to find a basis element O in the compact open topology 
such that f t:.O CB (f, E:). p 
Choose an integer N such that 
00 











Now, as in the proof of Theorem 1.11, we can find a finite number of 
open sets V 1, V 2, ... , V k in X covering M for each n and n, n, n, n 
n 
U 1, U 2 , ..• , U k each of diameter less than c/2N in Y such that n, n, n, n 
18 
f(V . n M )CU . for all i = 1,2,3 ... ,k. Let n,1 n n,1 n 
C . = V . n M . Since C . is compact for each n and i, the set n,1 n,1 n n,1 
N 
a = n 
n=l [d S (C . , U . )] n,1 n,1 
is a basis element in the compact open topology and clearly contains f. 
Let g £:. O. Then 
pn(f,g) = sup {d(f(x),g(x))} 2- s/2N 
X t. M 
n 
for n = 1,2, ... ,N. Thus 
N co 
p (f' g) =L +2 
n=l n=N+l 





< L s/2N + r:./2 = r:. 
n=l 
and so g E.B (f,s). Therefore, oc. B (f,s). 
p p 
Theorem 3.8. Let Y be a second countable metric space. If Xis 
a hemicompact metric space then C(X,Y) is second countable. 
00 
Proof. We can write X = u 
n=l 
M where the M's satisfy the proper-
n n 
ties in the definition of hemicompact. By Theorem 2.1, C(M ,Y) has a 
n · 
countable basis CB for each n = 1, 2, 3 ... 
n For each Bl~ define n 
for all n = 1,2,3, ... We will show that the countable collection of 
sets of the form BX is a basis for the compact open topology on C(X,Y). 
19 
First we show that BX is open in the compact open topology on 
k 
C (X, Y). Let gt::_ BX. Then gJM £: n SM (C. ,U.)C. B where each SM (C.,U.) 
n i=l n 1 1 n 1 1 
is a subbasis element in the compact open topology on C(M ,Y) . Since 
n 
k 
C1 V C2 lJ ... U Ck C Mn it follows that g E. n SX (C. ,U.) where each 
i=l l l 
SX(C.,U.) is a subbasis element in the compact open topology on C(X,Y). l l 
k 




Let O = n SX(C.,U.) be a basis element in the compact open topology 
i=l l l 




U ... LJ en C ~-
k 
Then, ·f I~ E. /] SMN (Ci, Ui) and so there exists B t.. G3N such that 
k 
fJMNt.BC n SM (C.,U.). But if f!MNtB then fE:BX. Now for any gt.BX 
i=l N 1 1 
k 
we have g IMN c. BC () SM (C., U.) and so clearly g t:. o. Therefore, 
i=l N 1 1 
fl BX C OJ and we have shown that the collection of sets of the form 
BX is a basis. 
Therefore, C(X,Y) is second countable . 
Example 3. 9. Thi s example shows that hemicompact is needed i n 
Theorem 3.8. Let X be an uncountable set with the discrete metric 




if X "f- ex 
if X = ex 
for all x EX. Then f is continuous since every function f:X -+ Y is 
Ci 
continuous when X has the discrete topology. 
Let U = (1/2,3/2) be an open set in iR- Since each single point 
set in Xis compactJit follows that S(x,U) is a subbasis element in 
C (X, Y) for each x E. X. Note that f E: S (x,U) if and only if x = a. 
a 
Thus, {f} Xis an uncountable subset of C(X,Y) containing none of a a f. 
its limit points. Therefore, C(X,Y) is not second countable [l, p.194, 
exercise 4]. 
Example 3.10. This shows that the converse of Theorem 3.8 is not 
true. Let X be the space defined in Exercise 3.6 but with a different 
topology. A subset of X will be open if and only if its intersection 
with each M is open in the usual euclidean topology. Let Y = 1'R.. n 
Because Xis hemicompact, C(X,Y) is metrizable; and C(X,Y) is 
second countable since polynomials with rational coefficients are dense 
in C(X,W). But Xis not metrizable because it is not first countable 
[2, p.146] at the point (0,0). 
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